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Resonant Motion of a Spin-Stabilized Thrusting Spacecraft
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The attitude instability of a spin-stabilized, thrusting upper stage spacecraft is investigated based on a two-body
model consisting of a symmetric main body, representing the spacecraft, and a spherical pendulum, representing
the liquefied slag pool entrapped in the aft section of the rocket motor. Exact time-varying nonlinear equations are
derived and used to eliminate the drawbacks of conventional linear models. To study the stability of the spacecraft’s
attitude motion, both the spacecraft and pendulum are assumed to be in states of steady spin about the symmetry
axis of the spacecraft and the coupled time-varying nonlinear equation of the pendulum is simplified. A quasi-
stationary solution to that equation and approximate resonance conditions are determined in terms of the system
parameters. The analysis shows that the pendulum is subject to a combination of parametric and external-type
excitation by the main body and that energy from the excited pendulum is fed into the main body to develop the
coning instability. When one of the resonance conditions and real flight data are used in the original time-varying
nonlinear equations, the results match well with the observed motion before and after motor burnout of typical
spin-stabilized upper stages. Some numerical examples are presented to explain the mechanism of the coning angle
growth and how disturbance moments are generated.

Nomenclature
a = transverse component of the system

angular momentum
aC = acceleration of the center of mass, C
C1, C = centers of masses of the main body and the system
E = 3 × 3 identity matrix
F = thrust vector (0 0 F3)

T along the symmetry
axis passing through C1

H, h = angular momenta of the system and the pendulum
I = centroidal inertia dyadic of the spacecraft body
m1, m2 = masses of spacecraft main body and pendulum bob
O = pivot point of the pendulum
r = length of massless rod connecting the

pendulum bob
r, ro, rp = position vectors from O to m2, C1 to O ,

and C1 to m2
r1, r2 = position vectors from C to C1 and m2, respectively
T = torque generated by deviation of C from the line

of thrust vector F
To = frictional torque about O
ur , up = unit vectors of r and rp , respectively
vC , v1, v2 = velocities of C , C1 and m2

x1 y1z1 = body-fixed frame having its origin at C1

β, βe = pendulum near-resonant and excitation frequencies
ε = nondimensional small parameter
θ, ψ = radial and circumferential coordinates for the

pendulum
θs,ϑ = stationary point of θ and variation from that point
µ = ratio of m2 to the total mass, m1 + m2

ξ = pendulum generalized coordinates, i.e. (θ, ψ)T
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σ = parameter describing the nearness of the excitation
frequency to the system frequency

τ = scaled time
� = angle of rotation of the main body
ω = angular velocity of the centroidal coordinate

system x1 y1z1

Subscripts

e = excitation
o = pendulum pivot point
p = pendulum
r = length of the pendulum
s = stationary

Superscript

× = skew symmetric matrix used to form components
of cross products of vectors

I. Introduction

U SUALLY, nutation of a spinning spacecraft is caused by a sin-
gle asymmetric impulse due to, for example, separation spring

imbalance, rocket motor tailoff, motor side forces, thrust vector mis-
alignment, or principal axis misalignment. However, the nutation
instability of certain upper stage spacecraft, known as the Payload
Assist Module, Delta Class (PAM-D) coning anomaly, has not been
explained by such conventional disturbances. What has been deter-
mined is that the source of the instability is related in some way to
the operation of the rocket motor.

Based on analyses of flight data (Fig. 1), several mechanisms
have been proposed to account for the anomalous attitude motion
of spacecraft of interest. The jet gain theory, one of the principal
theories advanced to explain the anomalous motion, was developed
by Flandro,1 Flandro et al.,2 and Roach et al.3

This theory proposes that the conservation of angular momen-
tum creates a vortex as the propellant surface gases approach the
centerline of a spinning motor. The circumferential flow velocity in-
duced by the vortex velocity field is greatly intensified as the vortex
core is stretched through the nozzle throat. Small wobbling of the
spacecraft induces an asymmetrical pressure distribution within the
combustion chamber that is related to the classical inertial wave phe-
nomenon. The fluctuating velocity field associated with this wave
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Fig. 1 Flight data telemetered from RCA-C′ ( Ref. 11).

interacts strongly with the vortex core causing an undulating vortex
filament that orbits the spin axis as it leaves the chamber and enters
the nozzle.

The second major candidate is the slag pool theory,4−9 which
is based partially on empirical evidence that states that byproducts
of combustion can collect within the aft portion of the spinning
solid rocket motor around the submerged nozzle during thrusting
of the vehicle. Usually, aluminum is added to solid propellant to
improve performance and to suppress high-frequency combustion
instability.4 This pool of accumulated slag may grow with time and
can serve as an energy storage and/or dissipation source that interacts
with the spacecraft motion. However, modeling the slag is not a
simple matter and is perhaps the most important part in the analysis.
Boraas7 developed an analytical procedure for calculating specific
quantities relating to the deposition and pooling of slag in a spinning
solid rocket motor. He explained that most of slag deposition takes
place near the end of the motor burn. Haloulakas8 also developed a
slag mass accumulation model and computed the quantities of slag
mass as a function of spin rate for some spin-stabilized solid rocket
motors. He showed that, at high spin rates, the effects of the axial
accelerations are less significant. Frederick et al.9 experimentally
determined the slag accumulation characteristics inside a strategic-
sized solid rocket motor. In his model, he observed that slag sloshed
at low frequencies. This makes it possible to use the hypothesis that
the sloshing motion of the slag is amplified by interaction with the
axial thrust and drives the coning growth of the spacecraft.

Various equivalent mechanical models have been proposed to
describe the motion of liquid in its moving container. Several
researchers10−12 have investigated the stability of a spacecraft’s at-
titude motion by adopting equivalent pendulum models to represent
the effects of fluid slosh. Also, some research work13−16 identifying
the accumulated slag as a cause of the observed coning anomaly
of the PAM upper stage spacecraft has been done. This approach
is a somewhat idealized one, but is helpful in gaining an under-
standing of the uncertain complex slag physics. Mingori and Yam17

developed linear stability conditions for a spacecraft consisting of
an axisymmetric rigid body and a planar pendulum to represent the
sloshing mass. In their model, the pendulum mass is attached to its
pivot by a spring and is free to rotate about the symmetry axis of the
spacecraft. Assuming that the spacecraft is in a state of steady spin
about its symmetry axis, they obtained linear equations and showed
the possibility for unstable coning growth if the thrust magnitude is
sufficiently large and the moving mass is aft of the system mass cen-
ter. Yam et al.18 also examined how the stability regions are modified
when the dissipative forces are added to the previous model.

Cochran and Kang13 have obtained some significant results for
the attitude motion of the spinning upper stage using an asymmetric
main body plus a spherical pendulum model. First, they derived the

exact time-varying nonlinear equations. Then, by treating the mo-
tion of the pendulum as a perturbation of the motion of the spacecraft
as a whole, they obtained approximate nonlinear equations in terms
of angular momentum variables. Some numerical experiments were
conducted for three cases: 1) no viscosity in the model, 2) viscous
effects models by a linear damper, and 3) variable viscous interac-
tions of the pendulum motion with main body. This experiment was
performed using the real flight parameters and taking into account
the dynamics of slag accumulation. Results of the numerical exper-
iments showed that coning instability occurs during the thrusting
phase and that the coning motion stabilizes after the motor burnout.
Or14 also carried out a linear analysis of the stability of a spinning,
thrusting spacecraft. To model the liquid pool, he used two types
of pendulum models, one being a spherical pendulum model and
the other consisting of two orthogonal plane pendulums. His results
showed that both models will produce unstable motion if tuned
pendulum conditions are used. Or and Challoner15 also analyzed
the effect of sloshing with a linearized hydrodynamic coupled finite
element method. Meyer16 analyzed the instability of spin-stabilized
spacecraft based on a hydrodynamic model of liquid slag trapped
in the motor. The analysis is closely related to the classic shallow
fluid or tidal theory.

By investigating the effect of the baffle on the fluid propellant
motion of the spacecraft, Hung19 suggested a method of passive
control by using a baffle to damp the amplitude of slosh wave exci-
tation and lower the angular momentum and fluid moment fluctua-
tion. Cho et al.20 developed a mathematical model of the spacecraft
using a pendulum to represent the fuel slosh and a nonlinear feed-
back controller that can be modified to control actively the motion
of the spacecraft subject to the slag slosh excitation.

The objectives of this study are to present a derivation of the
mathematical model, to identify conditions for nonlinear resonance,
and to use the model to show how nonlinear resonance causes coning
instability that is similar to the coning instabilities observed in the
attitude motions of PAM-D type spacecraft, as well as to show the
appropriateness of the model.

This paper presents an analysis of the dynamics of a spinning
upper stage spacecraft based on a two-body model consisting of a
symmetric main body, representing the spacecraft, and a spherical
pendulum, representing the liquefied slag pool entrapped in the aft
section of the rocket motor. Exact time-varying nonlinear equations
are derived and used to eliminate the drawback of the conventional
linear models. To study the stability of the spacecraft’s attitude mo-
tion, both the spacecraft and pendulum are assumed to be in states
of steady spin about the symmetry axis of the spacecraft, and the
coupled time-varying nonlinear equation of the pendulum is sim-
plified. A quasi-stationary solution to that equation and approxi-
mate resonance conditions are determined in terms of the system
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parameters. Numerical results are presented to illustrate the effects
of near-resonant conditions on the attitude motion of the spacecraft.

II. Physical and Mathematical Models
Figure 2 shows a two-body model consisting of a rigid body,

representing the spacecraft main body, and a point-mass spherical
pendulum, representing a liquid pool.13 The rigid body has mass m1,
centroidal, principal moments of inertia I1 ≥ I2 > I3 about the axes
x1, y1, and z1, respectively, and center of mass C1. The pendulum
consists of a point mass m2 attached to a rigid, massless rod, which
in turn is attached at a point O to the body m1. Its motion with
respect to the body m1, is defined by the angles θ and ψ .

Equations of motion may be derived for the system of two bodies
by using various methods. The method used is the Newton–Euler
method, and the equations for θ and ψ are obtained by finding two
orthogonal components that are perpendicular to the vector r, which
is constrained in length.

The x1 y1z1 axes are fixed in the reference body with the origin at
C1 and rotate with that body at an angular velocity ω. If we define
a position vector from C to mi as ri and velocity vector of mi as vi ,
equations governing the motion for the system about its center of
mass may be derived by first writing the angular momentum of the
system about C in the form

H = I · ω + m1r1 × v1 + m2r2 × v2 (1)

Because

r1 = −[m2/(m1 + m2)](ro + r) = −µrp (2)

r2 = (1 − µ)rp (3)

v1 = vC − µ(ω × rp + ṙp) (4)

v2 = vC + (1 − µ)(ω × rp + ṙp) (5)

Equation (1) becomes

H = I · ω + µm1rp × (ω × rp + ṙp) (6)

where rp = ro + r and ṙp is the time rate of change of rp due to
motion of the pendulum relative to m1. By writing Eq. (6) in matrix
form, we have

H = J · ω + h (7)

where J = I − µm1r×
p r×

p , h = µm1r×
p ṙ, and r =

r(− sin θ sin ψ sin θ cos ψ − cos θ)T . Here, the× superscript over
rp denotes the skew-symmetric matrix used to form components of
cross products of vectors.21 The time derivative of the vector H and
Eq. (7) may be used to get the matrix equations,

Ḣ = H×J−1(H − h) + T (8)

Fig. 2 Two-body spacecraft model.

where T is an external torque about the C . To model T, we assume
that the thrust vector F passes through the point C1. Then,

T = −µr×
p F (9)

An equation for the relative motion of the pendulum is more
difficult to find. One way to obtain a suitable equation is to write the
absolute acceleration of m2, equate it to the force on m2 and cross r
into both sides of the resulting equation. Let aC be the acceleration of
the center of system mass (m1 + m2). Then, the absolute acceleration
of m2 can be expressed as

ap = aC + D2r2

Dt2
= aC + (1 − µ)

D2rp

Dt2

= aC + (1 − µ)
[
r̈ + ω̇×rp + 2ω×ṙ + ω×(

ω×rp

)]
(10)

where r2 is a position vector from C to the pendulum bob and
D(·)/Dt is the time derivative of a vector as seen from a nonro-
tating reference frame. Therefore, the moment equation about the
pendulum pivot point O becomes

To = m2r×aC + µm1r× (
r̈ − r×

p ω̇ + 2ω×ṙ − ω×r×
p ω

)
(11)

where To is a torque about the pivot point O . When aC is replaced
by F/(m1 + m2), Eq. (11) becomes

To = µm1r 2u×
r

(
ür − u×

p ω̇ + 2ω×u̇r − ω×u×
p ω + F/m1r

)
(12)

Because ω̇ appears in Eq. (12) instead of Ḣ, there is added com-
plication in solving the equation for θ̈ and ψ̈ . However, necessary
substitutions may be carried out fairly easily in a digital computer
program. If ω̇ and ω are eliminated from Eq. (12), the resulting
equation becomes

To = µm1r 2u×
r

(((
E + µm1r 2u×

p J−1u×
p

)
ür − {

u×
p J−1H×

+ (
2E + µm1r 2u×

p J−1u×
p

)
u̇×

r + [J−1(H − h)]×u×
p

}
J−1(H − h)

+ [
µru×

p J−1u×
p + (1/m1r)E

]
F
))

(13)

Then, we may find the necessary equations by using the matrix

B =




cos ψ sin ψ 0

− sin ψ cos ψ 0

0 0 0



 (14)

The first row of B is a unit vector perpendicular to the plane in which
θ is measured. The second row is a unit vector orthogonal to the first
row. Let ξ= [θ ψ]T . Then, because

u̇r =




− cos θ sin ψ − sin θ cos ψ

cos θ cos ψ − sin θ sin ψ

sin θ 0




(

θ̇

ψ̇

)
(15)

the equation of motion for the pendulum can be written as

BA1A2ξ̈= B(G − A1Ȧ2ξ̇) (16)

where

A1 = u×
r

(
E + µm1r 2u×

p J−1u×
p

)
(17)

A2 =




− cos θ sin ψ − sin θ cos ψ

cos θ cos ψ − sin θ sin ψ

sin θ 0



 (18)

G = u×
r

{
u×

p J−1H× + (
2E + µm1r 2u×

p J−1u×
p

)
(A2ξ̇)

×

+ [J−1(H − h)]×u×
p

}
J−1(H − h)

− u×
r

(
µru×

p J−1u×
p + E/m1r

)
F + To

/
µm1r 2 (19)
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Equations (8) and (16), along with suitable kinematic equations
for the Euler angles �1, �2, and �3, constitute a mathematical
model of the systems, but they do not provide any insight into the
possibility of resonances.

III. Resonance Analysis
A. Stationary Solutions of the Pendulum Motion

Because the pendulum motion is suspected as the main source
driving the anomalous attitude motion, we are encouraged to in-
vestigate the instability of the system by examining the stability of
the pendulum motion by either a numerical method or an analyt-
ical method. In the case of using the numerical method, one may
first find a stationary relative orientation of the pendulum and then
conduct numerical experiments for the stability of the system us-
ing full nonlinear equations at the stationary point or in its vicinity.
Using the analytical method, one may find the conditions of the res-
onant motion in terms of parameters and then obtain near-resonant
solutions.

The motion of the pendulum during motor burn is balanced by the
axial acceleration due to thrust, centrifugal force due to spin of
the main body, and a normal force along the pendulum arm, and
thus, the pendulum may have certain dynamic equilibrium points.
However, because the equation set consists of highly coupled, non-
stationary and time-varying, nonlinear equations, neither linear so-
lutions nor nonlinear solutions for the given full equations can be
obtained directly without further assumptions. Such difficulties arise
from the relatively complex nature of the motion of the spherical
pendulum coupled to the dynamics of the spinning, thrusting main
body. If we makes the pendulum equations somewhat simpler and
find solutions to them, the entire problem may be solved. To do this,
further assumptions are made such that both the spacecraft and pen-
dulum are in states of quasi-steady spin about the symmetry axis of
the spacecraft. For convenience, we introduce new variables a and
� (Ref. 22) and w such that

H1 = a sin �, H2 = a cos � (20)

w = ψ + � (21)

where a is a transverse angular momentum component and rotates
at a relative spin rate21

�̇ = (1 − I3/I1) H3/I3 + O(ε) (22)

with respect to the body. With the assumption that the viscosity effect
is negligible during motor operation,16 that is To ≈ 0, substituting
Eqs. (20) and (21) into Eqs. (8) and (13) and selecting the dominant
terms yield the following approximate equation for θ :

θ̈ = {[
P2 + µ(F3ro/I1) − (

a2
/

2I 2
1

)
(1 + cos 2w)

]
cos θ

− (F3/m1r)
[
1 − µ

(
m1r 2

/
I1

)] − a2ro

/
I 2

1 r
}

sin θ

+ (
aH3

/
I 2

1

)
[1 + (ro/r) cos θ ] cos w − (2a P/I1) sin2 θ cos w

(23)

where P = (ψ̇ + H3/I3).
At the beginning of thrusting or in a nonresonance case, a is

relatively small so that the following stationary solution of θ may
be obtained:

θs = cos−1
(

F3

/
m1r P2

){
1 − ε

[
1 + (

F3

/
m1r P2

)
(ro/r)

]

+ ε2
(

F3

/
m1r P2

)
(ro/r) · · ·} (24)

where ε = µm1r 2/I1. As seen in Eq. (24), the equilibrium points
of θ are determined mainly by axial and centrifugal accelerations.
Because the rocket-thrusting spacecraft is a typical time-varying,
nonstationary, nonlinear system, a pendulum attached to such a sys-
tem may not stay at one equilibrium point all of the times and some
stationary points turn into unstable ones with the elapse of time.

Table 1 Basic data for the system

Parameters At t = 0 At t = 30 Unit

F3 16,000 16,000 lbf
m1 4,300 2,700 lbm
m2 10 30 lbm

I1, I2 1,350 700 slug · ft2

I3 460 330 slug · ft2

r0 3.4 3.4 ft
r 2 2 ft
a 20 varied slug · ft2/s
ω3 52.4 varied rpm
ψ arbitrary varied deg
� arbitrary varied deg

Fig. 3 Quasi-stationary solutions for θ.

Therefore, using the term quasi-stationary point (QSP) is better than
using the term stationary point.

Figure 3 shows θs vs ψ̇ when the data (at t = 0) given in Table 1
were used. Because the pendulum is supposed to rotate in the same
direction as the spacecraft, θs is evaluated using only the positive
values of ψ̇ . As expected, the QSP of the pendulum has a tendency
to move toward π/2 as ψ̇ increases.

B. Resonance Conditions
If we introduce a term ϑ and expand Eq. (23) about θs , a new

equation for the pendulum motion at the QSP that includes higher-
order terms (HOT) in ϑ is obtained as

ϑ̈≈ −
(

F3

m1r
cos θs − P2 cos 2θs + B1a cos w

)
ϑ+ B2a cos w

+ HOT = −ω2
0

(
1 + B1

ω2
0

a cos w

)
ϑ+ B2a cos w + HOT (25)

B1 = H3ro sin θs

I 2
1 r

+ 2P sin 2θs

I1

B2 = H3ro cos θs

I 2
1 r

+ P(cos 2θs − 1)

I1
+ H3

I 2
1

ω2
0 = P2 sin2 θs (26)

In a nonresonance case, B1a and B2a are much smaller than a. As
can be observed from Eq. (25), the pendulum is subject to parametric
and external excitations. The external excitation is not truly external
to the system, but it can be so considered as far as the pendulum is
concerned. If the motions are not small, the effect of nonlinearity on
stability must be considered. In this paper, motion of the pendulum
with respect to the QSP is assumed small so that the HOT in ϑ are
dropped from the equation.
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For convenience, Eq. (25) can be rewritten in a form similar to
Mathieu’s equation with forcing functions. To this end, let

w = �t + w0, t =
(

2

�

)
τ, δ = 4ω2

0

�2

α1 = 2B1a cos w0(
m1µr 2�2

) , α2 = − 2B1a sin w0(
m1µr 2�2

)

k1 = 4B2a cos w0(
m1µr 2�2

) , k2 = − 4B2a sin w0(
m1µr 2�2

) (27)

Then, Eq. (25) can be written in the form

ϑ′′ + (δ + 2εα1 cos 2τ + 2εα2 sin 2τ)ϑ= ε(k1 cos 2τ + k2 sin 2τ)

(28)

where the double prime denotes d2(·)/dτ 2. To find the resonance
conditions for Eq. (28), one may employ the method of multiple
scales23 defined by

Tn = εnτ for n = 0, 1, 2, . . . (29)

Then, the solution of Eq. (28) can be represented by an expansion
having the form
ϑ(τ ; ε) =ϑ0(T0, T1, T2, . . .) + εϑ1(T0, T1, T2, . . .)

+ ε2ϑ2(T0, T1, T2, . . .) + · · · (30)
For convenience, let

∂

∂T0
= D0,

∂

∂T1
= D1,

∂

∂T2
= D2, . . . ,

∂

∂Ti
= Di , . . .

(31)

By carrying out the expansion to the order of ε2 and equating
the coefficients of equal powers of ε, one may find the following
equations:

D2
0ϑ0 + δϑ0 = 0 (32)

D2
0ϑ1 + δϑ1 = −2D0 D1ϑ0 − 2α1ϑ0 cos 2T0 − 2α2ϑ0 sin 2T0

+ k1 cos 2T0 + k2 sin 2T0 (33)

D2
0ϑ2 + δϑ2 = −2D0 D2ϑ0 − D2

1ϑ0 − 2D0 D1ϑ1

− 2α1ϑ1 cos 2T0 − 2α2ϑ1 sin 2T0 (34)

The general solution to Eq. (32) can be written in the form

ϑ0 = A(T1, T2)e
iβT0 + Ā(T1, T2)e

−iβT0 (35)

where β = δ1/2 and Ā is the complex conjugate (CC) of A. Then,
Eq. (33) may be written as
D2

0ϑ1 + β2ϑ1 = −2iβ D1 AeiβT0 − (α1 − iα2)Aei(2 + β)T0

− (α1 − iα2) Āei(2 − β)T0 + 1
2 (k1 − ik2)ei2T0 + CC (36)

Because the behavior of the motion near resonance is of concern,
a detuning parameter σ can be introduced such that

βe = β + εσ (37)

where βe is the excitation frequency. The parameter σ allows one
to describe the nearness of the excitation frequency to the system
frequency and helps one recognize the terms in the governing equa-
tion for ϑ1 that lead to secular or nearly secular terms. By analyzing
the particular solution of Eq. (36), one may find many resonance
conditions, for example, β = , . . . , 4, 2, 1, 1

2 , 1
4 , . . . , 0, but here we

will consider only two cases: β = 2 and β = 1.

Case β ≈ 2
This is the case of combined primary resonance, that is, when the

frequency of the excitation is the same as the natural frequency of
the system. Because 2 = β +εσ , eliminating the secular terms from

Eq. (36) gives

D1 A = −(1/4β) (k2 + ik1) eiσ T1 (38)

The solutions forA and Ā are

A = A0 − (1/4σβ) (k1 − ik2) eiσ T1

Ā = Ā0 − (1/4σβ) (k1 + ik2) e−iσ T1 (39)

respectively, where A0 and Ā0 are integration constants. From
Eqs. (35) and (39), one may observe that, as σ approaches zero,
the theoretical motion becomes unbounded; when σ is nonzero,
but small, the motion is bounded with large amplitudes. Obviously,
such resonances result from the external-type excitations. Because
β = δ1/2 = 2ω0/�, we may represent the resonance condition β ≈ 2
in terms of ψ̇ and θs (as shown in Fig. 3).

Case β ≈ 1
This is the case when the natural frequency of the system is close

to one-half of the frequency of the parametric excitation. Because
1 = β + εσ , collection of the secular terms from Eq. (36) yields the
following equation:

D1 A = (1/2β) (α2 + iα1) Āei2σ T1 (40)

Also we obtain a solution of Eq. (36),

ϑ1 = [1/4(β + 1)]
[
(α1 − iα2)Aei(2 + β)T0 + (α1 + iα2) Āe−i(2 + β)T0

]

+ [1/2(β2 − 4)]
[
(k1 − ik2)e

i2T0 + (k1 + iα2)e
−i2T0

]
(41)

Then, elimination of the secular terms from Eq. (34) when β ≈ 1
requires that

2βD2 A − i D2
1 A + [1/4(β + 1)](α2 − iα1)(α1 − iα2)A = 0 (42)

From Eq. (40), we get

D2
1 A = (1/4β2)

(
α2

1 + α2
2

)
A − (σ/β)(α1 − iα2) Āei2σ T1 (43)

Substitution of Eq. (43) into Eq. (42) gives

2β D2 A − i
β2 + β + 1

4β2(β + 1)

(
α2

1 + α2
2

)
A + σ

β
(α2 + iα1) Āei2σ T1 = 0

(44)

It can be easily shown that Eqs. (40) and (44) result from a multiple-
scales expansion of

2β
dA

dt
− iε2 β2 + β + 1

4β2(β + 1)

(
α2

1 + α2
2

)
A − ε

(
1 − εσ

β

)

× (α2 + iα1) Āei2εσ Tt = 0 (45)

Assuming a solution for Eq. (45) in the form of A = (Ar + i Ai )eiεσ t

with real Ar and imaginary Ai , we obtain

2β
dAr

dt
−

[
2εσβ + ε

(
1 − εσ

β

)
α1 − ε2 (β2 + β + 1)

4β2(β + 1)

(
α2

1 + α2
2

)
]

× Ai − ε

(
1 − εσ

β

)
α2 Ar = 0 (46)

2β
dAi

dt
+

[
2εσβ − ε

(
1 − εσ

β

)
α1 − ε2 (β2 + β + 1)

4β2(β + 1)

(
α2

1 + α2
2

)
]

× Ar + ε

(
1 − εσ

β

)
α2 Ai = 0 (47)

Equations (46) and (47) admit a solution in the form of
(Ar , Ai ) = (ar , ai )eγ t with constant ar and ai provided that

4βγ 2 = ε2

[(
1 − εσ

β

)
α + 2σβ − ε

(β2 + β + 1)

4β2(β + 1)
α2

]

×
[(

1 − εσ

β

)
α − 2σβ + ε

(β2 + β + 1)

4β2(β + 1)
α2

]
(48)
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where α = √
(α2

1 + α2
2). The stability of the motion depends on the

value of γ . A criterion for stability can be determined by Eq. (48).
Obviously, when γ 2 is positive definite, the motion of the pendulum
becomes unstable. That is, instability of the system occurs when

−4β3 − (4 − εα)β2 + εα(β + 1)

8β3(β + 1)(1 − εα/2β2)
α < σ

<
4β3 + (4 + εα)β2 + εα(β + 1)

8β3(β + 1)(1 + εα/2β2)
α (49)

a) P1

b) P2

c) P3

d) P4

e) P5

f) P6

Fig. 4 Time histories of θ at unstable and stable QSPs.

Because β = 1−εσ , the transition curves emanating from δ ≈ 1 cor-
responding to

σ = ± 1
2 α − 1

16 εα2 ± 1
32 ε2α3 + O(ε3) (50)

δ = 1 ∓ εα + 3
8 ε2α2 ∓ 1

8 ε3α3 + O(ε4) (51)

IV. Numerical Examples and Discussion
To observe the behavior of the pendulum and spacecraft motion

at the QSPs during the thrusting phase, numerical simulations were
conducted for the spacecraft with a configuration as given in Table 1.
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a) P1

b) P2

c) P3

d) P4

e) P5

f) P6

Fig. 5 Time histories of pitch, yaw, and roll rates at unstable and stable QSPs.
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a) P1

b) P2

c) P3

d) P4

e) P5

f) P6

Fig. 6 Time histories of torques about the transverse axes at unstable and stable QSPs.

For convenience, we scaled down the burnout time to 30 s, and hence,
the system parameters are varied with the compatible time rate. As
results of simulations, we found that only the condition for β ≈ 2
develops the resonant motion for the given spacecraft model and
that the corresponding QSP is θs = 55 deg. The trajectories of QSP
and resonance conditions are in Fig. 3, where P1 is a QSP satisfying
the resonance condition for β ≈ 2. We also examined responses
of the system in the vicinity of P1 and determined the range of
θs that attracts the attitude motion into a resonance domain. The
corresponding QSPs range from 50.40 to 58.43 deg in θs and 4.2
to 5.2 rad/s in ψ̇ , where the pitch and yaw rates grow as much as

17–35 deg. QSPs chosen to explain the time responses are as given
in Table 2.

Figure 4a shows the time history of θ at P1, where it has an
oscillatory growth during the first half of the thrusting phase and
then stabilizes during the second half. Then, immediately after
burnout, the pendulum moves to a new position (θ = π/2) and
oscillates with large but bounded amplitude about that position.
Figures 4b–4f show time histories of θ at QSPs other than P1. As
can be observed from Figs. 4b–4f, the responses are unstable when
the QSPs are in the vicinity of P1 and stable when the QSPs are far
from P1.
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Table 2 Quasi-stationary points for numerical simulations

QSPs P6 P5 P3 P1 P2 P4

θs , deg 45 50 52.5 55 57.5 60
ψ̇ , rad/s 3.71 4.16 4.42 4.72 5.06 5.45

Figure 5a shows the time histories of the pitch, yaw, and roll rates
of the main body at P1. Except for time length, they look similar
to the observed flight telemetry as shown in Fig. 1. Figures 5b–5f
show the time histories of the pitch, yaw, and roll rates at the QSPs
P2–P6, respectively. Even though P2 and P3 deviate from the reso-
nant point P1, the responses are still unstable. We may interpret this
as a characteristic of the response of the nonsationary system. The-
oretically, in the stationary system, resonance domains are disjunct
and one resonance condition exists for a particular configuration
of the system. However, if the frequency of the excitation is time
dependent, that is, nonstationary, the deviation of the response may
occur near the resonance condition. The pitch, yaw, and roll rates
at P4–P6 have small but irregular amplitudes when compared with
those of the unstable QSPs.

Figures 6a–6f show the time histories of the disturbance torques
about the transverse axes of the main body, which result from de-
viation of the center of mass from the line of thrust vector. During
motor burn, pitch and yaw torques grow at the same rate with a 90-
deg phase difference and drop to zero at burnout. It is evident that
during the thrusting phase the motion of the pendulum significantly
affects the attitude motion of the spacecraft.

At P1, during motor burn, the pitch and yaw rates (0.65 Hz)
of the main body oscillate in tune with approximately one-half of
the pendulum frequency (approximately 1.30 Hz), but out of tune
with the frequencies of the disturbance torques (0.75 Hz). After
burnout, the frequencies of the pitch and yaw rates are the same
as before, whereas the pendulum frequency increases to 1.6 Hz.
Of course, after burnout the spacecraft is in thrust-free motion and
the disturbance torques about the pitch and yaw axes disappear. At
stable QSPs (P4–P6), the pitch, yaw, and roll rates oscillate almost in
tune with the frequencies of the corresponding disturbance torques.

V. Conclusions
By assuming that both the main body (spacecraft) and the pen-

dulum (slag pool) were in states of steady spin about the symmetry
axis of the spacecraft, and using the multiple scale method, we ob-
tained a quasi-stationary solution and two approximate resonance
conditions of the pendulum motion. The first case of resonant mo-
tion (β ≈ 2) occurs when the natural frequency of the pendulum
approaches to one-half of the frequency of the parametric excita-
tion by the main body, and the second case (β ≈ 1) occurs when the
frequency of the external-type excitation by the main body is close
to the natural frequency of the pendulum. However, as results of
numerical simulations, we found that only the parametric excitation
develops the resonant motion for the given spacecraft model, and
when this condition and exact full nonlinear equations are used, the
responses show quite similar characteristics of the coning motion
as observed.

The following is a summary of the study:
1) Motion of the pool of accumulated slag may be influenced by

parametric and external-type excitations caused by the main body.
However, the instability of the attitude motion as observed in PAM-
D type spacecraft can be developed by only parametric excitation. At
or near the QSP of P1 that satisfies this type of resonance condition,
the responses are attracted to a limit cycle.

2) During the thrusting phase, by interacting with the main body
motion, the pool serves as an energy storage and generates distur-
bance torques about the pitch and yaw axes.

3) Because the disturbance torques are oscillatory divergent, they
do not always cause attitude instability. If the frequencies of torques
approach exactly or closely to those of pitch and yaw rates, the atti-
tude motion is stable, and if not, the transverse angular momentum
builds up, and hence, the attitude motion becomes unstable.

4) The practical importance of the work was to present a model
that overcomes many of the problems of previous models, which
failed to predict the observed motion before and after burnout, and
to determine exact resonance conditions for the attitude motion of
the PAM-D spacecraft in question. Therefore, the analyses have
been done for fixed parameters, that is, real flown spacecraft data
rather than for a wider parameter space. However, concerning the
design and manufacture of new spacecraft, it is important to do
analysis for a wider parameter space. Our next work will consider
this aspect and cover a wider range of parameters of the spacecraft.
For this purpose, even though the second resonant condition may
not be established in the given spacecraft model, stability criteria in
parameter space was determined.
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